
 

Abstract—Mechanical design engineers who have to make a 

machine or modify the machine usually deal with designing 

timing diagram of related movements between each part in the 

machine. Timing diagram is a useful tool for the designer not 

only to see how each part of the machine works together, but 

also to see the opportunity to improve the machine movement 

through "overlap" motion. The aim of this paper is developed a 

vector model of timing diagram automatic machine, which 

allows us to solve a variety of dynamic tasks by changing the 

parameters timing diagram of its mechanisms. There is used the 

method presentation linear timing diagram in the form of vector 

polygons. Results of the paper are developed mathematical 

model of automatic machines based on timing diagram and  the  

connection between the parameters of the automatic machine 

timing diagram and equations of motion mechanisms through 

functions of position and transfer functions of mechanisms. 

 
Index Terms—Automatic machine, dynamic, timing diagram, 

vector model. 

 

I. INTRODUCTION 

Theory of timing diagram is one of the main parts of the 

design theory of automatic machines. A detailed analysis of 

the works on the theory of timing diagram performed prior to 

1965 is given in [1].  

Timing diagram is a sequence of machine operations 

performed by mechanisms depending on the angular 

displacement of the main shaft. Timing diagram allows 

determining to the state of dwell or motion of each of the 

executive body at any position of the main shaft, see Fig. 1 

[2].  

 
Fig. 1. Linear timing diagram of working and auxiliary cams of a 

four-spindle bar automatic. 
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Analysis of the methods of synthesis and analysis of 

mechanisms timing diagram automatic machine [3]-[10] 

showed the need for further development of optimization 

methods timing diagram, taking into account the accuracy of 

manufacture and mechanisms of automatic machine 

connections executive for the displacement mechanisms, 

dynamics of automatic machine. 

 

II. VECTOR MODEL OF TIMING DIAGRAM AUTOMATIC 

MACHINE 

 
Fig. 2. Vector model of the automatic machine timing diagram. 

Timing diagram machines can be represented as vector 

polygons [11] and [12], see Fig. 2. We replace the segments 

linear timing diagram of the vector. Vector directed 

sequentially from one position to another position of 

mechanism. We denote the vector of the letter
ij

, where n- the 

number of mechanisms, i- the number of mechanisms, j- the 

number of position of i- mechanism, mj- the number of 

positions of i- mechanism. 
 

The projection of vectors 
ij

on the X axis is ij- phase 

angles actuation mechanisms. The projection
ij

 on the Y axis 

is the displacement ij of j- position of i- mechanism. 

 

max

max

max 1,..., ; 1,..., ,, ,ij
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where Sij- the displacement of j- position of i- mechanism.  

We introduce the vector E connecting the point of 

beginning and end of the cycle. The projection of the vector 

E on the X axis is 2 on the Y axis is zero. The interaction 
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mechanisms with each other will reflect in the form of vectors 

of connection 
ikc , where 1,..., ik r , 

ir
- the number of vectors 

of connection of i- mechanism.  

The projection of the vectors of connection to the X-axis is 

the amount of delay activation mechanism, and the projection 

on the Y axis is the difference between the displacements of 

mechanisms. 

We impose the timing diagram mechanisms at each other 

with zero vectors O  (see Fig. 2.) connecting the boundary 

points timing diagram mechanisms for the Y axis. 

Set up a system of vector equations describing the works of 

mechanisms automatic machine, see Fig. 2. 
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where  0, 1ijb   . 

Project the vector equations (1) on the axis X and Y. 
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On the phase angles of actuation of mechanisms ij, and 

displacements of mechanisms ij impose constraints 

 

  , ,b hm
ij ij ij ij ij                         (3) 

 

where m
ij - the minimum allowable phase angles of actuation 

of mechanisms, ,b h

ij ij  - the upper and lower limits assigned by 

the designer. 

On the projection vectors of connection impose constraints 

 

,
xb x xh yb y yh
ik ik ik ik ik ikс с с с с с                     (4) 

 

where  

 

,
xh х x уh у у
ik ik ik ik ik ikс е с с е с      

 

where ,
x у
ik ikе е - the minimum permissible projection vectors of 

connection, ,
x у
ik ikс с  - the error of the projections of vectors 

of connection, ,xb уb
ik ikс с - the upper limit imposed by the 

designer. 

Equations (2) and constraints (3, 4) describe the 

collaboration works of mechanisms (timing diagram) of 

automatic machine. 

 

III. MATHEMATICAL MODEL OF AUTOMATIC MACHINE 

BASED ON TIMING DIAGRAM  

Define the connection between the differential equations of 

motion of the automatic machine and the equations describing 

its timing diagram. Fig. 3 shows the dynamic model of the 

machine, where indicated Ci - the elasticity coefficients, i- 

the coefficients of resistance, Ji,Ii- the moments of inertia, MD- 

the motor torque, Mi- moment of resistance, , 1,...,iP i n - a 

function of the mechanisms. 

To compile the equations of motion mechanisms for 

automatic machine dynamic model, see Fig. 3, we use of 

Lagrange equations [13]: 
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where 
1 2, ,..., n   - the generalized coordinates, i- Lagrange 

multipliers, hij,hi- some functions, T - the kinetic energy of a 

holonomic system, V - the potential energy of the system, 

jQ -the generalized force, 

、 

 
Fig. 3. A dynamic model of automatic machine. 

To establish the connection between the equations timing 

diagram (2-4) and the dynamic equations (5), we write the 

functions of position, the transfer functions of mechanisms of 

automatic machine in the following form: 
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where 1,...,i n ,  L x  - a step function of the form  

 

 
0, 0,

1, 0.

x
L x

x


 


 

 

' '', ,ij ij ijP P P - function of position, the first transfer function, 

the second transfer function on parts of phase angles actuation 

ij of mechanisms  

Equation (6) establish a connection between the equations 

(5) describe the dynamics of the automatic machine and the 

equations (2)-(4) timing diagram of the machine--automaton. 

This method allows to solve various optimization tacks, 

where the variable parameters are used the phase angles ij 

and of the displacements ij of timing diagram automatic 

machine. 

 

IV. EXAMPLE  

We will show in more detail the connection between timing 

diagram of automatic machine dynamics and mechanisms on 

the example of automatic machine with two cam mechanisms.  

The dynamic model is shown in Fig. 4, where 0, 1, 2 - 

generalized coordinates, M D - the motor torque, M1, M2 - the 

moments of resistance, 
1 0 1 2, , ,I J J J - the moments of inertia of 

mechanisms, 
10 ,cc - the coefficients of elasticity of shafts, 

 i iP  - the functions of position of cam mechanisms,  '
i iP  - 

the first transfer functions of the cams,  ''
i iP  - the second 

transfer functions of the cams. 

 
Fig. 4. Dynamic model of automatic machine with two cams mechanisms. 

This dynamic model is described by the following 

equations 
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where 
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Fig. 5. Vector timing diagram of automatic machine with two cams 

mechanisms. 

Fig. 5 shows vector timing diagram of automatic machine, 

which is described by the following equations: 
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We project (8) on the x, y 
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Impose constraints on the phase angles, displacements of 

mechanisms, and projections of vectors of connection  
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The expressions (9-11) allow you to vary the phase angles 

and displacements of mechanisms of automatic machine, 

without disrupting their normal work. 

To establish the connection between the equations 

describing of joint work of the mechanisms of automatic 

machine (9-11) and the dynamic equations (7), we write the 

functions of position and the transfer functions of mechanisms 

of automatic machine, see Fig. 6, as follows: 
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where 

 
0, 0,

1, 0.

x
L x

x


 



 

 

 
Fig. 6. The functions of position and the transfer functions of mechanisms of 

automatic machine. 

Represent the generalized coordinates 1, 2 through the 

dimensionless coefficients k1, k2, where 
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( ),  ( ), ( );  1,2;  1,2;ij i ij i ij ia k b k d k i j   

Coefficients of the displacement, the velocity, the 

acceleration of mechanism in j - position.  

Equations (12), (13) establish a connection between the 

phase angles of actuation of mechanisms ij and magnitude of 

displacements of mechanisms ij of their functions of position 

and transfer functions that are explicitly included in the 

equations of motion of the automatic machine (7). Now, 

depending on the chosen optimization criterion, by varying 

the parameters of timing diagram ij and ij, can improve the 

dynamics of the automatic machine. 

 

V. CONCLUSIONS  

The vector model timing diagram is developed on the basis 

of representation timing diagram of the automatic machine as 

vector polygons, which allows solving various dynamic tasks 

at the expense of change of parameters timing diagram. The 

mathematical model of the automatic machine with elastic 

links and with the account timing diagram of its mechanisms 

is received. The equations of connection between parameters 

timing diagram of the automatic machine and equations of 

dynamics through functions of position and transfer functions 

of mechanisms are received. 
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