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Abstract—The projection method involving a Godunov type 

discretization for convective terms is applied to natural 

convection in water within a vertical slot. The variation of 

Nusselt number is examined for a range of Rayleigh numbers 

by imposing elevated temperature on the left wall and allowing 

convective heat transfer on the right. The results illustrate that 

heat transfer increases asymptotically with increasing Biot 

number. The rate of increase is a function of Rayleigh number 

and becomes more significant at higher Rayleigh numbers, as 

expected. 

 
Index Terms—Natural convection, Rayleigh number, Prandtl 

number, Biot number.  

 

I. INTRODUCTION 

Given the number of practical applications, convective 

heat transfer in an enclosure has been studied extensively. 

The early investigations in this area include Ostrach [1], 

Wilkes and Churchill [2], and de Vahl Davis [3] who 

introduced a numerical solution for 2-D natural convection in 

a rectangular cavity. A large number of other studies 

followed examining a variety of cavities. Both the finite 

element and finite difference methods have been employed to 

solve the partial differential equations governing the 

buoyancy-driven flows. The former, while having the 

advantage of being adaptable to flow confined to odd 

geometries, lacks the simplicity of the latter. As a result, the 

majority of literature on numerical studies of natural 

convection is based on finite difference techniques, with most 

employing the SIMPLE (Semi-Implict Method for Pressure 

Linked Equations), an algorithm developed by Patankar [4] 

to resolve the coupling between velocity and pressure. Many 

numerical studies, for example, Rajkumar et al. [5], 

Martyushev and Sheremet [6], and Odewole and Edwards [7] 

selected to use the commercially available software package 

FLUENT with the solution option of SIMPLE. In the present 

study, a two-dimensional, time dependent numerical 

approach based on the projection or fractional step 

formulation method is applied to buoyancy-driven flow in a 

vertical slot with a narrow upper section as shown in Fig. 1. 

The fluid within this cavity is initially stagnant and at 

equilibrium with ambient. The left boundary is then subjected 

to a sudden increase in temperature while right boundary is 
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allowed to transfer heat to ambient by convective cooling. 

The top and bottom surfaces are thermally insulated. An 

earlier work by Evren-Selamet et al. [8], studied natural 

convection in air within this type of cavity with sidewalls 

kept at different constant temperatures. 

 

II. FORMULATION 

In terms of the following dimensionless variables 
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the two-dimensional conservation equations for mass, 

momentum, and energy may be written for buoyancy-driven 

incompressible fluids as  
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where  x*,  y* are the coordinates , u*, v* the velocities t* the 

time, p* the pressure, T the temperature,    the width of the 

lower section of enclosure,    the two-dimensional Laplacian, 

         the Prandtl number (=6 in this study),    

    
      , the Rayleigh number which accounts for the 

coupling between energy and momentum balances [9], [10]; 

g being the gravitational acceleration, β the coefficient of 

thermal expansion of the fluid,    temperature difference 

between left boundary and ambient,   the kinematic viscosity, 

and α the thermal diffusivity. The Boussinesq approximation 

is used for the density in buoyancy force.  

 

III. THE NUMERICAL SOLUTION PROCEDURE  

The unsteady Navier-Stokes equations, governing the flow 

under the Boussinesq approximation, are solved with 

primitive variables. Convective terms are discretized using a 

second-order Godunov method, an upwind based 
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differencing approach, which has been shown to provide a 

robust discretization of the convective terms [11]-[13]. 

Diffusive terms are calculated with centered finite 

differences. The velocities, pressure gradients, and 

temperatures are defined at the grid points, and the pressure 

and divergence of the velocity are defined at the cell centers 

so that only temperature and velocity components are needed 

on the boundaries. The Godunov scheme is explicit and the 

time step is restricted by the Courant-Fredrichs-Lewy (CFL) 

condition. Convergence of the solution is checked by 

examining the variation of Nusselt number. The results 

shown here are obtained with the grid size of Δx=1/43 and 

Δy=5/70. Selecting a Δx smaller than Δy helps better resolve 

the boundary layer. For further details of the method applied 

in the present study, the reader is referred to Evren-Selamet 

[8], [14]. The same study has also discussed the validation of 

the algorithm developed for buoyancy-driven flows by 

comparing the results for a square cavity with the earlier 

study of de Vahl Davis [3], which serves as a benchmark on 

natural convection investigations. 

 

 
Fig. 1. Schematic of the system. 

 

A. Boundary Conditions 

Wall thickness is assumed negligible in this study. From 

heat balance at the right boundary (rb) then  
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where k is the thermal conductivity of water, h the heat 

transfer coefficient between the wall and ambient,     

temperature at right boundary, and   the ambient 

temperature. With nondimensionalization of temperature, (5) 

becomes  
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where Bi= hL/k is the Biot number. Due to infinitesimally 

thin wall, Bi here ends up coupling thermal conductivity of 

the fluid on one side of the wall with the heat transfer 

coefficient on the other, which is unconventional for this 

number.         at the top and bottom walls since they 

are thermally insulated. Left wall is prescribed at a uniform 

temperature   . No-slip velocity conditions (u, v= 0) are 

employed on all walls.  

 

IV. RESULTS AND DISCUSSION 

Results presented here are obtained in a vertical slot with 

         ,       ⁄  and    ⁄      ⁄  where 

       . To examine the impact of Bi at different  , 

four different Bi (=2, 10, 100 and 1000) and three different   

(=10
4

,10
5 

and 3×10
5

) are considered. Examples of 

temperature distribution and stream function contours are 

shown in Figs. 2 and 3 for Grashof number=5×10
4 

and Bi=10.  

  
Fig. 2. Temperature contours (in 

increments of 0.1) for Gr=5×10
4

, 

Pr=6 and Bi=10. 

 

Fig. 3. Streamline contours (in 

increments of 1.0) for Gr=5×10
4

, 

Pr=6 and Bi=10. 

 
The predicted maximum velocity Vmax and average 

Nusselt number per unit length Nu on the sidewall are shown 

in Figs. 4 and 5, respectively, as a function of Biot number for 

different  . The circles represent   =10
4

, squares   =10
5

, 

and filled circles   =3×10
5 

. The average Nusselt number is 

computed by integrating negative of temperature gradient in 

the fluid by trapezoidal rule over the right boundary. As 

evident from Figs. 4 and 5, Vmax and Nu increase 

asymptotically with Biot number. The increase becomes 

more pronounced at higher  . When   is increased at 

constant Bi, a larger temperature difference (     ) 
enhances the buoyancy forces which intensify the convective 

flow. Therefore, a more vigorous flow field is obtained with 

increasing   leading to higher  Nu  and  Vmax, as expected. 
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Increasing Bi at low to mid range, for example, until about 

Bi=100, leads to a stronger convective flow pattern 

enhancing the cooling of the cavity, whereas this effect tends 

to diminish at larger Bi.  Among the recent studies, for 

example, Martyushev and Sheremet [6] examined the 

variation of Nu and maximum velocity for different thermal 

conductivity ratio of wall/fluid in a cavity by considering 

convective and radiative heat transfer and observed similar 

behavior. They also noted similar trends with increasing 

Rayleigh number. 

 

 

Fig. 4. Variation of maximum velocity (Vmax) with Biot number for   =10
4 

(circles), 10
5 

(squares) and 3×10
5 

(filled circles). 

 

 

Fig. 5. Variation of Nusselt number with Biot number for   =10
4 

(circles), 

10
5 

(squares) and 3×10
5 

(filled circles). 

 

V. CONCLUSIONS 

Buoyancy-driven flow in a cavity with a narrow upper 

section subject to heating on one side and cooling on the 

other is numerically simulated by the projection method 

combined with a Godunov-type discretization for convective 

terms. The heat transfer is examined by varying Bi and  . 

The results suggest that heat transfer increases asymptotically 

with increasing Biot number. The rate of this increase is a 

function of Rayleigh number. The predictions presented here 

are consistent with the available literature 

NOMENCLATURE 

g          gravitational acceleration  

Gr        gβ  
  (       )  , 

            Grashof number  

  ,      heights of narrow and wide  

             sections of the cavity  

                         

 k        thermal conductivity  

           widths of the narrow and wide  

            sections of the cavity  

        average Nusselt number per unit length  

p         nondimensional pressure  

Pr        /α, Prandlt number  

         gβ  
 (       ) / α, Rayleigh number 

T        temperature  

t           α/  , nondimensional time  

               /𝜶, nondimensional horizontal velocity  

               /𝜶, nondimensional vertical velocity  

Vmax          nondimensional maximum velocity 

x, y            ,          , nondimensional coordinates  

Greek letters: 

α          thermal diffusivity  

β           coefficient of thermal expansion  

           (      )/ (       ) 

              nondimensional temperature  

             kinematic viscosity  

ρ            density  

Subscripts:  

h             hot 

            ambient  
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