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Optimum Design of Kinematically Redundant Planar
Parallel Manipulator Following a Trajectory

K. V. Varalakshmi and J. Srinivas

Abstract—This paper presents an optimum design approach
for selection of base-joint locations of a kinematically redundant
parallel linkage following a desired trajectory by minimizing the
active joint torques. Kinematically redundant parallel
mechanisms offer several advantages such as reduced
singularity loci, high dexterity indices etc. However, in path
tracking problems, selection of redundant joint positions is
tedious procedure due to existence of multiple solutions for
inverse kinematics. Some criteria can be employed to resolve the
complexity of identifying these extra degrees of freedom. In
present task, joint torque minimization is considered and the
problem is resolved as a static analysis formulation. The static
analysis gives joint torques for known applied wrench vector
and resulting torque-norm which is a function of redundant
degrees of freedom (DOF) is minimized using genetic algorithms
(GA). Interactive computer programs are developed for
kinematics and static analysis along with binary coded GA.
Results are presented using a 6-DOF, 3-PRRR planar parallel
mechanism following predefined trajectories.

Index Terms—Genetic algorithms, kinematic redundancy,
parallel manipulator, torque minimization.

. INTRODUCTION

Parallel manipulators have gained importance due to their
higher rigidity and payload-to-weight ratio and lower inertia
permitting larger accelerations than classical serial
manipulators. However, they have some drawbacks such as
limited and complicated workspaces with singularities,
reduced dexterity, highly non-isotropic input/output relations
and complex mechanisms due to kinematically constrained
structure. Presence of singularity loci within the workspace is
one of the most important issues in parallel manipulators. In
such instances, the manipulator looses or gains one or more
degrees of freedom (DOF) and will become hardly
controllable. In order to avoid the singularity loci and increase
the performance of the manipulator, redundancy is often
introduced in [1], [2]. There are two common types of
redundancies introduced in  mechanisms: actuation
redundancy and kinematic redundancy. In a kinematically
redundant manipulators, extra active joints are added to
manipulator so as to increase the mobility of the manipulator.
Relatively, the kinematic redundancy increases the workspace,
and improves dexterity. Over the last one decade, several
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researchers worked on the kinematically redundant planar
parallel mechanisms. A family of new kinematically
redundant planar parallel manipulators were introduced by
Ebrahimi et al. [3] by adding three kinematically redundant
links to 3-RRR linkage. In order to avoid the singularities in
the workspace during path planning, kinematic redundancy
can be used to by varying the geometrical parameters of a
mechanism instead of changing the basic structure.
Fundamental definitions related to the Jacobian analysis and
optimization strategy for the redundant actuator positions for
singularity avoidance were given by Kotlarski et al.[4]. An
analytical approach for singularity-free region in the
workspace was presented by Zarkandi [5] using 3-PRRR
linkage. Kotlarski et al. [6] introduced an approach of
actuation torque minimization to avoid singularities in
workspace. Niemann et al. [7] presented a time-optimal
optimization approach for the path planning of kinematically
redundant mechanisms. Recently, various issues in synthesis
and analysis of parallel manipulators such kinematics,
dynamics and control were formulated as optimization
problems. More recently, Kucuk [8] also illustrated the
optimization issues for achieving lowest power consumption.
Several optimization schemes such as fuzzy logic [9], neural
networks (NN), and generic algorithms (GA) [10] have been
applied. However, most of these works were related to
fully-actuated non-redundant cases. Most recently, Boudreau
and Nokleby [11] illustrated the joint torque minimization
scheme for a 6-DOF, 3-PRPR planar mechanism with
redundant joint position and velocity constraints. Here,
sequential quadratic programming methodology was
employed to solve the problem.

Optimizing the actuated joint torques of parallel
manipulators by adjusting the geometrical parameters is a
difficult and time-consuming task. However,
non-conventional optimization techniques are the best
alternative to obtain unique solutions in most of the cases.
Present paper describes GA as an optimization tool for the
selection of redundant joint locations of the kinematically
redundant planar parallel manipulator. The objective function
of joint torque is expressed in terms of these variables. The
kinematics and statics of 3-PRRR redundant parallel
manipulator is employed to describe the joint torques. The
dexterity index and torque intensities at optimized locations
are illustrated. Effectiveness of the methodology is validated
for two different trajectories. The paper is organized as
follows: Section 11 explains the description of the 3-PRRR
redundant linkage; velocity analysis, joint-torque estimation
steps from static analysis and dexterity. Section Il gives the
optimization routine for solving formulation. Section IV
illustrates the results and discussion with two examples.
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Il. DESCRIPTION OF MECHANISM

A 6-DOF kinematically redundant planar parallel
manipulator mechanism is obtained by adding extra active
base prismatic joints to the existing 3-RRR manipulator
linkage. Fig. 1 shows the mechanism with three branches each
having two links with actuated revolute joints O; fixed to the
sliding bases [12]. The mobile platform is connected to active
joints through passive revolute joints B;. Base prismatic joints
are considered to be sliding on the path of constant inclination
oy bounded within the base triangular platform. If the vertices
A= 0;(i = 1, 2, 3), then the configuration is conventional
3-RRR manipulator.

Fig. 1. 3-PRRR manipulator.

A. Velocity Analysis

The velocity analysis of 3-RRR manipulator is first
considered to simplify the velocity analysis of the 3-PRRR
manipulator. The velocity equation shows the Jacobian
matrices of the manipulators resulting from differentiating the
non-linear loop-closure equations f(qg,x)=0 of the input

q=[6,0,, 93]T
x=[x,y,4]" (end-effector pose) variables, with respect to
time, i.e.

(joint  displacements) and output

Ixx = Jq¢ 1)

where Jx =of(g,x)/ex and Jq =of(q,x)/oq are (mxm) and
(mxn) matrices respectively, m isthe DOFs in the Cartesian
space and n is the DOFs of the linkage (for non redundant
manipulator m=n); While, x and ¢ are the end-effector and

joint velocities, respectively. The overall Jacobian matrix J
can be expressed as:

J =333, 2)

where Jy and Jqare direct and inverse Jacobian matrices

respectively. Based on the inverse displacement, considering
the geometry of the 3-RRR planar parallel manipulator in Fig.
1, the loop closure equations can be written by defining the
unit vector n; directed along the distal links. Referring to Fig.

1, the following relation can thus be obtained for each

kinematic chain:
|2ini :OP—F[R]PC;—ABl (3)

By squaring on both sides of (3) and applying the law of
cosines

|5 = (OP+[R] PC; —~AB;)" (OP+[R]PC; —~AB;) (4)

CoS¢ —sing

where [R]= Linqﬁ cos¢

} is the rotation matrix, Op is

the vector expressing point P and PC'i is the vector from P

to Cj expresses in the moving frame xy.

Differentiating (4) with respect to time, the following
relations can be obtained:

" . lising; | .
X
I2iniT[y}+ZT(PCi X'Z‘n‘)¢+IZ‘”‘TLTﬂcoslei}g‘ =0 (9

Here Z is the unit vector along z direction. It can be
expressed in matrix form for all three legs as:

Iin! ZT(PCy xlym) X M 0 0 (?1
1.n; Z7(PC; xly,n,) yi+| O Ao 018,|=0
I5n3 ZT(PCj3 xlyn) ¢ 0 0 A3 93

(6)
where A; = ly; |, ni' (sind; —cos6,)
The (6) is similar to (1) representing the Jacobian matrices

of 3-RRR planar parallel manipulator. The loop closure
equations of 3-PRRR can be expressed from Fig.1 as:

|2ini :OP+[R]PC; —OBi (7)
12 =(OP+[R]PC, —OB;)" (OP+[R]PC, —OB,) (8)

Differentiating (8) with respect to time results in:
IZiniT[ﬂ+ZT(PCi><|zini)¢5
ol using Ty v [eosa ], ©)
+|2|n| |:—|1|COS Hi:lgl I2lnl p'|:S|n0£|:|_0

It can be extended for all three legs and is expressed in
matrix form as:

Py

L Z'(PCxL,n) ¥ & A 0 0 0 0 %
L ZT(PC,xin)|yl+0 0 & A, 0 0 ’9’2
Ly ZT(PCxLyn) gl jo 0 0 0 g Al

15,
93

(10)

23

—l,,n (cose; +sing;) (i=1, 2, 3).

Comparing with (1), the Jacobian matrices of redundant
3-PRRR planar parallel manipulator can be derived. Further,
the Jacobian matrices are dimensionally homogenized to
avoid the conflicts with units. The developed equations allow
the computation of the velocities of revolute and prismatic
actuators for both the non-redundant and redundant
manipulators when the velocity of the moving platform is

where, & =
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known. The velocities of the base actuators are determined
numerically during the optimization and used in providing
velocity constraints. Under static conditions the relationship
between the joint forces/torques and the end-effector wrench
is [13]:

F=0"r (11)

For a specified end-effector wrench F in (11) the
generalized actuation joint torques/forces are given by:

t=J'F (12)

B. Dexterity

To measure the dexterity indices and to describe the overall

kinematic behaviour of the manipulator condition number of

Jacobian matrix has been used and also for evaluating the

velocity, accuracy and rigidity mapping characteristics
between the joint variables and the moving platform [14].

The condition number « is defined as
A

l1<k=—<w

A

where 4; and A, are the minimum and maximum singular
values of the Jacobian matrix associated with a given posture.
The condition number x ranges from 1 to . In a pose where x
is equal to 1, the dexterity of the manipulator is considered to
be best (isotropy) and it is dependent on manipulator
configuration. Its reciprocal 1/x(0<1/x <1) is referred as

the conditioning index.

(13)

The optimization problem described as the determination
of the optimum base prismatic link locations to minimize the
actuated joint torques subjected to the kinematic and
geometric constrains. Mathematically, it is expressed as:

Minimize

FORMULATION OF OPTIMIZATION

3 2

T(p)=,| 3 < (14)
=1
Subject to

pi,mingpi Spi,max (15)
Pi €LPi min: i max] (16)
‘Ci S‘Ci’max (17)
where pi,min’pi,minand Pi max’ pi,max signify the lower

and upper joint limits of positions and velocities that ensure
the link- interference-free trajectories for the manipulator.
Timax d€Monstrates the upper bounds of the torques that the
actuators of the manipulator possess. The aim of kinematic
design approach is to discover the optimal geometric
configuration according to objective function. Specially,
optimization-based kinematic synthesis is one of the
significant steps in the design process to ensure high
performance of the parallel manipulator with maximum
stiffness and dexterity within the workspace. Here, the
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significance of optimization is to minimize the actuated joint
torques. The optimization procedure employed in the present
work is shown in Fig. 2.

To solve the minimization problem, an interactive binary
coded GA optimization scheme is implemented in MATLAB.
Derived from Darwin’s theory of mutation, GA scheme
employs three stages: selection, crossover and mutation. An
initial population is randomly selected and the crossover and
mutation operators are applied to the two strings at a time to
produce two new strings for the next generation. More details
of the methodology can be found in open literature [15]. In
present work, an optimum population size of 30 is selected
with crossover and mutation probabilities as 0.999 and 0.001
respectively. Population of points (locations of prismatic
joints) are randomly generated in each time step of the
trajectory and these individuals of a population are evaluated
for minimization of objective function.

!

Define link and platform dimensions and trajectory

v

Start with initial point of trajectory

-

Solve inverse
kinematics and find

Generate random locations

B of the prismatic joints ‘
within the range Jacobian
v
Obtain minimum (t") Find Dexterity
using optimization v

Apply end-effector
force vector

Is trajectory v
completed? Find joint Torque
No ()
v
L Compute (t1)

Fig. 2. Flowchart for optimization procedure.

IV. RESULTS AND DISCUSSION

An optimization-based methodology has been developed
for resolving the joint torques of kinematically-redundant
planar parallel manipulator following a desired trajectory by
choosing the maximum dexterity. To show the effectiveness
of the optimization two trajectories are chosen. The actuator
joint torques and the corresponding dexterity was computed
numerically at each time step. The results were obtained for
the non-redundant and redundant manipulators. The
dimensional parameters chosen for the manipulator are
0;0;=0.5m and B;B;=0.2m, 1;;=1,=0.2m and ¢=0< The base
prismatic joint limits of the kinematically redundant 3-PRRR
planar parallel manipulator were considered in the range of
0.05m to 0.1m for the optimization. The range is selected in
such a way that the existence of workspace is feasible in all
the limits.
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Case 1: Straight-Line Path

A straight- line trajectory along the x-axis is considered in
which the end-effector is moving towards right i.e., (0.25m,
0.144m) to (0.48m, 0.144m) with an increment of 1.0 mm.
And also the desired trajectory passes singularity loci from
(0.405m, 0.144m) to (0.48m, 0.144m) as can be seen from
Fig. 3. The straight line trajectory and the singular points are
shown within the constant orientation workspace of the
non-redundant 3-RRR manipulator in Fig. 3. Jacobian
matrices at each location corresponding to a set of initial base
prismatic joint positions are obtained using user interactive
modular based program. A constant force of 46.46 N is
applied on the platform in the direction opposite to the motion
so that the external wrench vector can be written as:
F=[-46.46 0.0 0.0]".
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Fig. 3. Workspace and straight-line trajectory.

Fig. 4 shows the generalized torques required for the
non-redundant 3-RRR manipulator. In theory, the joint
torques should reach infinite values at singularity points. The
finite values shown in the Fig. 4 are due to the displacement
step chosen, which was 1.0 mm. With a finer displacement
step, the computation would have failed when the manipulator
is exactly at the singularity loci. It is clear that the
non-redundant manipulator cannot perform the desired
trajectory tracking, as it requires infeasible generalized
torques at the singularity loci.
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Fig. 4. Actuator generalized torques for the 3-RRR manipulator for the

Straight-line trajectory.

Fig. 5 shows the dexterity index of non-redundant and
redundant manipulators; it is observed that in the
non-redundant case, the dexterity is relatively low at
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singularity loci. More the dexterous, more will be freedom to
cross the singularities. Fig. 6 shows a plot of the fitness versus
number of generations at one of the trajectory points. It is seen
that the convergence to fitness on average sense is achieved
within 100 cycles. The computer time taken for converge is 20
seconds on a X86-based PC with 4 GB RAM and 3GHz dual
core Intel processor. Fig. 7 shows the corresponding optimum
set of prismatic joint locations at each point of a straight-line
trajectory after the end of program execution. Fig. 8 shows the
optimized torques for the redundant 3-PRRR manipulator. It
clearly shows that the joint torques of the redundant
manipulator are relatively lower, leading it cover the
singularities without much difficulty, while maintaining
actuator joint torques limitations. The intension is not to
illustrate the reduction of joint torques due to redundancy, but
the optimization outcomes from best prismatic joint positions.
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Fig. 5. Dexterity along the trajectory.
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Fig. 7. Optimum locations of prismatic joints.
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Fig. 8. Actuator optimized torques for the 3-PRRR manipulator.

Fig. 9 shows the base prismatic joint forces of 3-PRRR
manipulator.
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Fig. 9. Prismatic joint forces for the 3-PRRR manipulator.

Case 2: Butterfly Path

The chosen second trajectory is a logarithmic spiral
described by the following equations [8]:

x=rcos(ant), y=rsin(bmnt) (18)

where X, y are the coordinates and r is radius (in present case:
r=0.15m); the constants a=0.4m, b=0.8m and time t<[0, 5
seconds] with increment 0.025 second. The wrench applied at
the platform is defined by: F=[-46.46>asin(axt),
46.46>bcos(bnt), 4.646]" N. Fig. 10 shows the path and
singularity points (red in colour) within a constant orientation
workspace.
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Fig. 10. Workspace and butterfly trajectory.

Fig. 11 shows the generalized torques along the proposed

butterfly trajectory in each time step of a non-redundant
3-RRR manipulator (without optimization).
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Fig. 11. Actuator generalized torques for the 3-RRR manipulator.

Fig. 12 shows the dexterity of non-redundant and
redundant manipulators; here in the non-redundant case the
dexterity is very much low at singularity points.
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Fig. 12. Dexterity along the trajectory.

Fig. 13 shows the prismatic joint optimum locations where
the joint torques reach minimum in each time step.
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Fig. 13. Optimum locations of prismatic joints at each trajectory point.

Fig. 14 shows the generalized torques after optimization. It
is observed that the torque amplitudes are relatively less.
Comparing Fig. 11 with Fig. 14, it can be seen that the
redundant manipulator easily passes through the singular
configuration, while maintaining feasible actuated joint
torques.
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Fig. 14. Actuator optimized torques for the 3-PRRR manipulator.

The obtained base prismatic joint forces of 3-PRRR
manipulator are shown in Fig. 15. It is seen that these values
are relatively small compared to un-optimized redundant case
as well as non-redundant case. Unconstrained optimization
through GA has given excellent outcomes in short time.
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Fig. 15. Prismatic joint forces for the 3-PRRR manipulator.

V. CONCLUSIONS

This paper presented an optimization based methodology
for the kinematically-redundant 3-PRRR planar parallel
manipulator for achieving minimum actuated joint  torques
while following a desired trajectory. The active revolute joint
torques were explicitly expressed in terms of redundant joint
positions and the problem was casted as an optimization
formulation with kinematic and geometric constraints. Results
of the analysis clearly show that the kinematically-redundant
manipulator has improved performance over the
non-redundant for the selected trajectories. Also, the genetic
algorithms based optimization scheme has given good results
compared to randomly selected base joint locations of the
redundant mechanism. This work forms a road for optimum
design of redundant manipulators towards energy
minimization. It can be extended with additional performance
indices such as dexterity and stiffness so as to explore with
further practicality.
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