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Interpolated Velocity Correction Immersed
Boundary-Lattice Boltzmann Method for Fluid Flows with
Flexible Boundary
Y. G. Chen and L. Wan

Abstract—An interpolated velocity correction scheme for the
simulation of the interaction between fluid and flexible
boundary using an immersed boundary-lattice Boltzmann
method (IB-LBM) is proposed. In the conventional IB-LBM,
the velocity field on the immersed boundary is determined by
interpolating from an Eluerian grid to a Lagrangian grid using
a discrete Dirac delta function, which is not divergence-free. As
a result, this method can generally suffer from poor volume
conservation for the closed immersed boundary. The key idea of
the proposed interpolated velocity correction scheme is
correcting the interpolated velocity field to satisfy a discrete
divergence-free constraint defined on the Lagrangian boundary
in the fluid. The proposed scheme makes no modifications to
solve Navier-Stokes (N-S) equations using the lattice Boltzmann
method (LBM) on the Eulerian grid and also improves volume
conservation for the closed immersed boundary. Two examples
are presented to verify the efficiency and accuracy of the
proposed scheme.
Index Terms—Interpolated velocity, immersed boundary
method, lattice Boltzmann method, fluid-structure interaction,
Navier-Stokes equations.

I. INTRODUCTION
Problems involving the interaction of fluid with flexible
structures are ubiquitous in nature. An IB-LBM was firstly
presented by Feng et al. [1] to solve fluid-particles interaction
problems, which is a combination and utilizes the most
desirable features of the immersed boundary method (IBM)
and the LBM. After that, this method has been developed and
applied for the simulation of the flow involving rigid bodies
[2]-[4] and elastic membranes [5]-[8], which might be an
alternative and promising numerical scheme for simulating
fluid-structure interaction (FSI) problems. The LBM
originated from lattice gas automata is based on microscopic
models and mesoscopic kinetic equations [9]. It is a regular
lattice-based scheme for fluid flow simulation, which has
been proved to be accurate and applicable to various
hydrodynamic problems for its simplicity, efficiency, and
parallelism characteristics [10]-[15]. The IBM was initially
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proposed by Peskin [16] in 1970s for simulating cardiac
mechanics and associated blood flow, which employs a fixed
Eulerian grid for the flow field and a Lagrangian grid for an
immersed boundary in the fluid, which is modeled by a
singular force which is incorporated into the forcing term in
the N-S equations. The interaction between the fluid and the
immersed boundary is tackled using the IBM. A discrete
Dirac delta function is used to spread the singular force from
the Lagrangian grid to the Eluerian grid, and to interpolate
the velocity from the Eluerian grid to the Lagrangian grid.
It is well known that the IBM can suffer from poor volume
conservation for the closed immersed boundary in the fluid
[17]-[21]. One cause of this lack of volume conservation is
that the interpolated velocity field that determines the motion
of the Lagrangian structure is not generally divergence-free,
even if the Eulerian velocity is divergence-free with respect
to the discrete divergence operator used in the numerical
solution of the incompressible N-S equations. This problem
was solved by modifying their divergence operator relative to
their chosen interpolation operator, which would remain
discretely divergence free on the Lagrangian grid when
interpolated with their specific interpolation operator [18].
The immersed interface method [19] modifies the finite
difference stencils of the fluid solver near the immersed
boundary instead of utilizing discrete delta functions to
spread the force form the Lagrangian to Eulerian grid. The
Blob projection method [20] finds an analytic expression that
represents the projection of a regularized form of the forces
along the boundary onto the space of divergence-free vector
fields. However, all these methods are difficult to implement
and are not readily extendable to three dimensions for general
problems, they also need more computationally expensive
interpolation and spreading. In our work, when the LBM is
used for solving the N-S equations, the velocity field on the
Eulerian grid will be approximatively divergence-free, but
this does not guarantee that the interpolated velocity field
where the immersed boundary moves is continuously
divergence-free with the IBM. In this paper, we present a
simple interpolated velocity correction scheme by correcting
the interpolated velocity field to satisfy a discrete
divergence-free constraint defined on the Lagrangian
immersed boundary. This scheme can substantially improve
volume conservation, which has no effect on solving the flow
field on the Eulerian grid using the LBM. Our method only
requires minor modification of existing codes and that has a
negligible computational cost, and enforces interpolated
velocity to maintain the incompressibility constraint.
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A. Immersed Boundary Method
The IBM is defined by a set of differential equations
involving a mixture of Eulerian and Lagrangian variables.
For the viscous incompressible flows of Newtonian fluids in
a two-dimensional domain Ω containing an immersed
boundary Γ, the governing equation can be written as
follows,

ρ ( u t + ( u ·∇ ) u ) = −∇ p + μ Δ u + f

(1)

∇ ·u = 0

(2)

f ( x, t ) =



Γ

F ( s , t ) δ ( x − X ( s , t ) ) ds

F ( s , t ) = S  X ( s , t ) 
∂X

(s, t ) = u X
(
∂t
=



Ω

(s, t ), t )

u ( s , t )δ

 ∂X ( s, t )

T ( s , t ) = T0 
− 1


∂s


∂X
τ ( s, t ) =
∂s

∂X
∂s

r ≥ 2.

(4)

(5)
Fig. 1. The classification of grid nodes illustration. A cartesian grid for
eulerian variables and a discrete set of points for the lagrangian variables

The above equations are solved on a pair of computational
grids: a cell centered Cartesian grid for Eulerian variables,
and a discrete set of points for the Lagrangian variables. As a
2D example is shown in Fig. 1. Assuming that the lower left
corner of the domain is at the origin, the coordinates of the
ij-th Eulerian grid points are xij = (iΔx, jΔy)(i = 0, 1, … , Nx; j
= 0, 1,…, Ny). Where h = Δx = Δy is the fluid node spacing.
Thus uij denotes the value of the variable u at xij , the discrete
delta function δh(x, y) = (1/h2)ϕ( x/h ) ϕ( y/h ). We use index n
and k(k = 0, 1, … , nb) to denote the value of a variable at a
given time step and the position of Lagrangian grid points,
thus Fkn = Fk(s, nΔt), Xkn = Xk(s, nΔt) and Δsk is the boundary
segment length. T0 is a spring constant and L0 is the resting
length of the springs connecting immersed boundary points.
Using this notation, temporally discretized forms of Eq. (3)
(5) and (6) as follows:

(6)

f ijn =

F

n
k

k

δ h ( x ij − X kn ) Δ s k

(11)

(7)

X kn +1 − X kn
= u kn +1 =
Δt

u
ij

δ h ( xij − X kn ) Δ x Δ y (12)

n +1
ij

(8)
Fkn =

where T is the tension and τ is the unit tangent vector, s and is
the arc-length measured along the current configuration of
the boundary. The scalar T0 is the stiffness constant which
describes the elastic property of the boundary.
The Dirac delta function δ(r) appearing in Eq. (3) and (5)
is used the common decomposition as follows,

δ ( r ) = φ ( x )φ ( y )

(10)
1 ≤ r ≤ 2,

(3)

( x − X ( s , t )) d x

∂
(T ( s , t )τ ( s , t ) )
∂s

0 ≤ r ≤ 1,

)

(

where x, u, ρ, p, μ and f are the Eulerian coordinates, fluid
velocity vector, fluid density, fluid pressure, fluid viscosity
and the force density term. X(s, t) = (X(s, t), Y(s, t)) is a vector
function giving the location of points on Γ as function of
arc-length (in some reference configuration) s, and time t, X
and F stand for the Lagrangian coordinates and boundary
force density. δ(x - X(s, t)) is the Dirac delta function, more
details are given in [17]. S is the force generation operator.
Eq. (1) and (2) are the incompressible N-S equations. The
Lagrangian and Eulerian force and velocity are related
through Eq. (3) and (5). Eq. (4) is the constitutive law
modeling the force generated from the configuration of the
immersed boundary.
The constitutive law used for the force generation
operator is to assume that the material behaves like an object
under elastic tension. The force on the boundary is given by

F ( s, t ) =

)

(

II. NUMERICAL METHODS

T0

i = k −1, k +1 Δ sik

(X

n
i

− X kn − L0

) Δ1s

k

X in − X kn
X in − X kn

(13)

B. Lattice Boltzmann method
The LBM is a kinetic-based approach for simulating fluid
flows. In this work, the lattice Boltzmann equation must be
modified for solving the flow field with a force density. The
form of LBE proposed by Guo et al [22] is adopted, which
can be written as

(9)
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1
f i ( x + ei Δt , t + Δt ) − f i ( x, t ) = − [ f i ( x, t )

τ

where Δsk is some discretization of arc-length in the current
configuration. Interpolating velocities from the Eulerian to
the Lagrangian grid by using formula (12), we can obtain
velocity ukn +1 of the Lagrangian grid point on the immersed

(14)

− f i eq ( x, t )] + Fi Δt

1   ei − u ei ·u 

Fi =  1 −
+ 4 ei ? f
 ωi 
cs
2τ   c s2
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1
1

ei f i + f Δ t  , p = ρ cs2
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2


boundary. ukn +1 is not meet the constraint (19) this moment,
(15)

n +1

so we enforce correction velocity u k
constraint and then assume the equation
n +1

(16)

u k = ukn +1 − nk
where

where fi is the distribution function for particles with velocity
ei at position x and time t, fi eq is the equilibrium distribution

=

The lattice structure, the corresponding velocities and the
lattice weights are described in [23]. The relaxation
parameter is connected to the speed of sound and the
kinematic viscosity in the N-S equation in the form of
ν = (τ − 1 2 ) cs2 Δ t . When the particle density distribution is

Ωin

∇·udV =  u·nds = 0
Γ

k

k

k

=0

·nk Δ s k

(21)

k

A. An elastic Pressurized Membrane
To verify the effectiveness and accuracy of the proposed
scheme, an elastic pressurized membrane immersed in a
viscous fluid is simulated [19], [25] and [26]. We use a
dimensionless system in the simulation. The initial immersed
boundary is an ellipse with major and minor axes ra = 0.75, rb
= 0.5, respectively. The unstretched immersed boundary is a
circle with radius r0 = 0.5. Due to the restoring force, the
ellipse will converge to an equilibrium circle with radius re
≈ 0.61237; this is larger than the unstretched interface
because of the incompressibility of the closed fluid. So the
membrane is still stretched at the equilibrium state, and the
nonzero boundary force is balanced by a nonzero jump in the
pressure. The computational domain is[-1, 1]×[-1, 1], and
we set ρ0 = 1.0 and u ∂Ω = 0 throughout the domain. In

(17)

order to record the process of flow variables, points a(-0.5,
0.0), b(0.0, -0.5) and c(0.0, 0.0) are set in the flow field. In
addition, Nx×Ny = 200×200 and nb=1199 are adopted to
conduct the simulation. For the solution of this problem, we
chose each lattice simulation time step, say 2.0×10-4. We
will compare the corrected and uncorrected interpolated
velocity field results using IB-LBM. In order to compare
results over longer times, let rx be the radius of the boundary
measured along the x-axis and ry the radius of the boundary
measured along the y-axis. These should both oscillate and
converge towards the common value re as the oscillation is

(18)

where n is the outward unit normal to the boundary Γ. Above
equation is discretized only on the Lagrangian boundary, so
we obtain constraint

 u ·n Δs

n +1
k

III. NUMERICAL RESULTS

However, what we really care about is the region defining Ωin
interior to the immersed boundary, applying the divergence
theorem we obtain



u

n +1

C. The Interpolated Velocity Correction Algorithms
In order to derive the N-S equations from lattice
Boltzmann equation (LBE), the Chapman-Enskog expansion
[24] is used. If ρ is a constant, macroscopic physics equation
derived from lattice Boltzmann equation is the standard
incompressible N-S equations. When the LBM is used for
solving the N-S equations on the Eulerian grid, the velocity
field will be approximatively divergence-free. The computed
velocity field on the Eulerian grid is divergence-free, but this
velocity is then interpolated to the Lagrangian grid with
interpolation operators that ignore the divergence-free
constraint. This can result in the volume of a closed
pressurized object shrinking. The idea of our scheme is to
alter the interpolation operator to maintain the
incompressibility constraint. We weaken Eq. (2) to integral
form:

∇ ·udV = 0

1
 k Δ sk

When update interpolated velocity u k using the above
correction scheme, we need not to modify LBE. This scheme
has no affect on solving N-S equations on Eluerian grid using
LBM. Furthermore, these attempts only require minor
modification of existing codes and that have a negligible
computational cost, and enforce interpolated velocity to
maintain the incompressibility constraint.

known, the fluid density, velocity and pressure can be
calculated by formula (16).

Ω

 is an undetermined parameter. It is easy to derive 
n +1

is the lattice weights, depending on the lattice structure.



(20)

from the condition that u k satisfy the constraint (19).
Finally, we can obtain

function, τ is the dimensionless relaxation parameter, Fi is the
forcing term, cs is the sound speed, and equals 1 3 Δx Δt .

ωi

to satisfy the

(19)

k
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damped by viscosity and the membrane becomes more
circular. Similarly, let A be the closed area of the boundary,
which should converge to initial ellipse area A0 = πrarb ≈
1.17810 at the equilibrium time.

interpolated velocity correction algorithm respectively. We
can know that the membrane cannot reach the equilibrium, rx
and ry have been shrinking as the evolution of time without
correction algorithm. Fig. 2 also clearly shows that both rx
and ry converge to re as the evolution of time with presented
correction algorithm. Furthermore, the closed area A has only
a very small decrease at the beginning, it converge to a
constant closed to the initial area A0 as the evolution of time
in Fig. 3, but A has been reducing as the evolution of time
without correction algorithm. Fig. 4 shows inside pressure Pc
at point c with and without interpolated velocity correction
algorithm respectively. we can find that the pressure Pc has
been declining as the evolution of time from Fig. 4 without
correction, but it shows the pressure Pc maintain unchanged
with correction scheme. Fig. 5 shows flow velocities
component uax at point a and uby at point b as the evolution of
time with presented correction algorithm. We can find that
uax and uby are both convergence to 0 as the evolution of time.
In the equilibrium state, the boundary is a circle, the
pressure has two different constant values inside and outside
the boundary, as relative pressure Δp = p – 1/3 is shown with
correction algorithm in Fig. 6. The pressure distribution in
the equilibrium state shows the sharp pressure jump across
the boundary. At the same time, Fig. 7 shows slice of the
pressure at time t = 4, which is the pressure distribution along
the x axis at y = 0. At equilibrium, we can know that the
velocity is zero and the pressure is piecewise constant inside
and outside the boundary with a jump across the immersed
boundary.

Fig. 2. The evolution of rx and ry with and without interpolated velocity
correction algorithm

Fig. 3. The evolution of the closed area A with and without interpolated
velocity correction algorithm.

Fig. 4. The evolution of the pressure Pc at point c without and with
interpolated velocity correction algorithm.

Fig. 6. The relative pressure distribution in the equilibrium state with
interpolated velocity correction algorithm.

Fig. 5. The evolution of flow velocities component uax at point a and uby at
point b with interpolated velocity correction algorithm.

Fig. 7. The pressure distribution along the x-axis at y = 0 at time t = 4.

In our test, we take ν = 0.1 and T0 = 10.0. Fig. 3 shows the
evolution of rx and ry computed by both with and without

Furthermore, we also tested the above example with
interpolated velocity correction scheme when parameters
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change. We simulated the problem for ν = 1.0, T0 = 1.0 and ν
= 0.002, T0 = 0.02, which still adopted the same Eulerian and
Lagrangian grids as the former. Table 1 lists some numerical
results of A, rx, ry and Pc at the equilibrium state. From Table
1 we know that the numerical results agree very well with the
analytical solution. The maximum relative volume error less
than 0.00509% , the maximum relative radius errors less than
0.00327%. Table I indicates a quite good volume
conservation characteristic when the Reynolds number is
smaller or bigger. All of the results show that the interpolated
velocity correction algorithm has a good adaptability and
accuracy.
TABLE I: NUMERICAL RESULTS OF A, RX, RY AND PC AT THE EQUILIBRIUM
TIME T WITH INTERPOLATED VELOCITY CORRECTION SCHEME WHEN
PARAMETERS Ν AND T0 CHANGE
ν

T0

t

A

rx

ry

Pc

1.0
0.1
0.002

1.0
10.0
0.02

6.22
4
188

1.17816
1.17813
1.17810

0.61239
0.61238
0.61237

0.61239
0.61238
0.61237

0.336330
0.363302
0.333393

Analytical

-

1.17810

0.61237

0.61237

-

Maximum
difference

-

0.00509%

0.00327%

0.00327%

-

TABLE II: GRID REFINEMENT ANALYSIS OF INTERPOLATED VELOCITY
CORRECTION SCHEME WITH Ν = 0.1, T0 = 10.0 AT TIME T = 1.6
Nx×Ny, nb

| A - A0 |

Order

32×32, 191
64×64, 381
128×128, 767
256×256, 1536

0.00128
0.00031
0.00007
0.00002

2.04580
2.14684
1.80735

Fig. 8. Membrane location at different times.

Finally, we perform a grid refinement analysis at time t =
1.6 to study the conservation of the area closed by immersed
boundary. Table II shows the results of a grid refinement
study using the correction algorithm where the values on four
different Nx×Ny grids with 32×32, 64×64, 128×128 and
256×256 are compared with the analytical solution. We can
know that the area is conserved with second-order accuracy
using our correction scheme.

IV. CONCLUSION
We have simulated the interaction between fluid and
flexible boundary using IB-LBM with the presented
interpolated velocity correction scheme. The implementation
has been tested with two examples that are an elastic
pressurized membrane immersed in a viscous fluid and a
moving membrane in a lid-driven cavity. The described
method can capture the process of fluid flow with flexible
boundaries. Some results verify the effectiveness and
accuracy of the proposed scheme. The work is to further
extend to three dimensions, which will give some help for
large scale simulation involving flexible boundaries in the
future.

B. A Moving Membrane in a Lid-Driven Cavity Flow
As another example, we put the same pressurized circular
membrane as the first example in the center of a lid-driven
cavity flow, with zero initial fluid velocity. The lid is moving
from left to right with speed 0.1 and the other three walls are
fixed with no-slip boundary conditions. This problem is
computed with ν = 0.1 and stiffness constant T0 = 1.0. When
the lid starts moving, the viscosity will drive the fluid motion.
The membrane will also be driven and distorted by the
flow, although the membrane tension tends to keep the
membrane circular. Fig. 8 shows the solution at several times,
as computed with the interpolated velocity correction
algorithm on a fine grid Nx×Ny = 200×200 and nb=1199. For
the solution of this problem, we chose each lattice simulation
time step, say 2.0×10-4. We also computed the relative
volume error at different time. The maximum relative volume
error less than 0.727442% for the moving membrane in the
lid-driven cavity flow. The result indicates volume
conservation for the closed moving membrane immersed in
fluid with our correction scheme.
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