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Mode Changes of a Planar 3 DOF Redundantly Actuated
Parallel Robot
Takashi Harada


experimental results are shared by the prototype of the robot.

Abstract—A novel redundantly actuated planar parallel
robot which enlarges the workspace by mode changes is
proposed. Redundantly actuation and asymmetric design
enables singularity avoided mode changes with loss redundancy
but maintain non-singularity. In the assembly mode change,
where the parallel robot transfers its configurations between
two solutions of the direct kinematics, path planning which
avoids singularity is proposed. In the working mode change,
where the parallel robot transfers its configurations between
two solutions of the inverse kinematics, the asymmetrical design
contributes to singularity-free mode change. The singularities
avoided mode changes were performed by newly developed
prototype.
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I. INTRODUCTION
The parallel robot has excellent mechanical features such
as high accuracy, high rigidity, and small mass of the moving
parts. However, mechanical interferences and singular
configurations restrict the workspace. In order to expand the
workspace, mode change of the parallel robot has attracted a
lot of attentions [1], [2]. The parallel robot has multiple
solutions of the direct and inverse kinematics. Each solution
gives different configuration of the robot. By changing
configurations from one solution to other, the parallel robot
can expand its workspace. In the assembly mode change, the
parallel robot changes configurations from one direct
kinematics solution to other. In the working mode change, the
robot changes those of inverse kinematics solutions.
Conventional researches about the mode change have
focused on non-redundant parallel robot. However,
non-redundant parallel robot encounters a singular
configuration during the mode changes. Redundantly
actuation [3] assists the parallel robot avoiding the singular
configuration during the mode change. However, there have
been no researches about the mode change of redundant
parallel robot, because of the complexity in design and
control.
In this paper, a novel redundantly actuated planar parallel
robot with a singularity-free mode change is proposed. Firstly,
design and kinematics of the parallel robot are introduced.
Secondly, the assembly mode change and working mode
change of the parallel robot are discussed in detail. Then,
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(a). 2-PRRRP parallel robot.
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(b). PRRRP sub mechanism.
xmp: position of the moving plate (MP)
q : orientation of the MP
pi: position of ith pair on the MP
rt: half length of the moving plate
a : direction vector of the linear motor
ci: displacement of the motor
ci: displacement of the motor
li : length of the rod
Fig. 1. 2-PRRRP parallel robot and PRRRP sub mechanism.

II. 2-PRRRP PLANAR 3 DOF PARALLEL ROBOT
Fig. 1 (a) illustrates the 2-PRRRP (P: active prismatic pair,
R: passive rotational pair) parallel robot. The parallel robot
has 3 degrees-of-freedom, its moving plate (MP) moves on
the xy plane and rotates around the z axis. The moving plate is
driven by 4 linear motors located at the prismatic pairs.
Prototype of the robot is depicted in Fig. 2. The design of the
robot is similar to the conventional 2-PRRRP parallel robot
ARCHI [4], the moving plate of the robot enables unlimited
rotation. In addition, our robot is adopted the multi-drive
system, two linear motors drive on the same stator, enables
large workspace along the directions of linear motors (x axis)
[5]. Moreover, the robot is designed to achieve the assembly
mode change, namely, it moves up and down passing through
the hollow space on the base plate as shown in Fig. 3 (a). That
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novel design expands the workspace along the y direction.
Asymmetrical design of the lengths of rods enables the
working mode change as shown in Fig. 3 (b). This robot is
applicable for the table mechanism of multi-axes machine
tools.

two circles on xy plane. Central positions of the circles lie on
the x axis of the base coordinate frame. Radius and x
coordinate of each circle corresponds to length of the rod lji
and the actuator location cji, respectively. When the two
circles has two different intersections, i.e., distance between
the central positions of the two circles is shorter than the sum
of the two lengths of the rods, the parallel mechanism has two
different direct kinematic solutions given by one set of the
actuators locations. This situation is depicted in Fig. 4 (a) and
(b). The PRRRP sub mechanism has two assembly modes
when the simultaneous equations (4) have two different
solutions. Because the linear actuators of the sub mechanism
align into the same line, the two configurations of the
assembly modes are axisymmetric to the line of the actuators.
The hollow space on the base and the interference-free
mechanical design of the joint and link admit the mode
change by avoiding the mechanical interference. In this paper,
states of the assembly mode of the PRRRP sub mechanism
are described [] and [] when the end point position of y
coordinate exists in the positive and negative area,
respectively. When the simultaneous equations (4) has one
solution (duplicate root), i.e., distance between the central
positions of the two circles is the same length as the sum of
the two lengths of the rods, two circles touch each other at the
point of contact. This situation corresponds to the direct
kinematics singular configuration of the parallel mechanism
as shown in Fig. 4 (c). This state is described as [0]. Note here
when the PRRRP sub mechanism changes the assembly
mode, it encounters the direct kinematics singularity. When
the distance between the central positions of the two circles is
longer than the sum of the two lengths of the rods, the
simultaneous equations (4) are impossible. The parallel
mechanism has no direct kinematic solutions.

III. DIRECT KINEMATICS AND ASSEMBLY MODE CHANGE
Relationship between position xmp = [x, y]T and orientation
q of the MP, and location of ith (i=1,...,4) linear motor qi is
described by the loop closure equation [6] as,
xmp  R(q)si  Li  ci a  li vi .

(1)

R(q) represents the 22 rotational matrix.
The Jacobian matrices Jx and Jc of the parallel mechanism
are given from Eq. (1).
J x x  J c c
x  [ x , y , q ]T , c  [c1 ,...,c4 ]T

(2)

For the direct kinematics, locations of the linear motors are
given, and the position and orientation of the MP are to be
found. The direct kinematics of a parallel mechanism are
solved by nonlinear simultaneous equations which express
relationships between the position and orientation of the MP
and displacements of the motors. Each solution of the direct
kinematics gives the different assembly mode of the parallel
mechanism. In general, it is difficult to solve the nonlinear
simultaneous equations in closed analytical forms. The
difficulty depends on the structure of the parallel mechanism.
The structure of our proposed parallel mechanism, two rods
are connected to the same rotational pair on the MP, enables
it easy to solve the direct kinematics. The two rods, the
rotational pair and two linear actuators is regarded as PRRRP
sub mechanism as shown in Fig. 1 (b). The solutions of the
2-PRRRP parallel mechanisms are given by the combinations
of the solution of the PRRRP sub mechanisms. Moreover,
kinematics analysis using the sub mechanisms gives the way
how to achieve the singularity free assembly mode change.
Each position of the left and right pair of the MP is
described as pj=[pj, qj]T (j=L,R). Each pj corresponds to the
output position of each sub mechanism. Position x and
orientation q of MP are simply given from the position of the
pairs pj as,
x

 q  qL 
1
.
( pL  pR ), q  tan 1  R
2
 pR  pL 

linear motors
hollow space

l2
l4

l1

l3
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(l1, l4 = 240mm, l2, l3 = 170mm)
Fig. 2 Prototype of the robot.

(3)

Location of the linear motor is re-described cj1 and c j2.

(c j1  p j ) 2  q j 2  l j12


2
2
2
(c j 2  p j )  q j  l j 2

(4)

The direct kinematics of the sub mechanisms are given by
the solution of Eq. (4). From the geometrical point of view,
the simultaneous equations (4) represent the intersections of

(a). assembly mode change (b). working mode change
Fig. 3. Mode changes of the parallel robot.
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Fig. 5. State transition diagram.
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Fig. 4. Assembly mode of the PRRRP sub mechanism.

There still remains one state that the simultaneous
equations become indefinite, when the two circles of Eq. (4)
are identical. This situation corresponds to the complex
kinematics singularity [6], as not every parallel mechanism
admits it. Indeed, this singularity depends on the robot
architecture. For the PRRRP sub mechanism, this singularity
occurs when the two actuators share the same location under
the condition that the lengths of two rods are identical. We
will adopt asymmetrical design that the two rods have
different length for avoiding the complex singularity.
Assembly modes of the 2-PRRRP parallel robot are given
as the combinations of the assembly modes of the PRRRP
sub mechanisms. The parallel robot has 9 assembly modes as
[], [], [], [], [], [], [], [] and [].
The state transition diagram of the assembly modes of the
2-PRRRP parallel robot is shown in Fig. 5. When the
assembly modes of the 2-PRRRP parallel robot are [],
[], [] and [], rank of the Jacobian matrix Jx in Eq. (2)
is 3, i.e., the robot is not singular. At that time the parallel
robot has end effector redundancy. When the assembly
modes of the robot are [], [], [] and [], rank of the
Jacobian matrix Jx is still 3. The robot keeps the end effector
non-singularity but loses the redundancy [7]. When the
assembly mode of the robot is [], rank of the Jacobian
matrix Jx is less than 3, the robot is singular. Singularity-free
assembly mode change from [] to [], or from [] to
[], is achieved by tracing the route on the state diagram
without passing the [] mode as shown in Fig.6

[ ]

[ ]

[  ]

[ ]

Fig. 6. Singularity free assembly mode change.
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IV. INVERSE KINEMATICS AND WORKING MODE CHANGE
For the inverse kinematics, position and orientation of the
MP are given, locations of the linear actuators are to be
found.
Equation (1) is transformed as,
( Li  ci a)T ( Li  ci a) l i 2 .

( )
(b). asymmetrical design.
Fig. 7. Working mode change of PRRRP sub mechanism.

(5)

Each ci has two solutions which are given by the signs
before the square root are positive and negative, respectively.
Corresponding configurations of the sub mechanisms are
depicted in Fig. 7. In this paper, states of the working modes
of the PRRRP sub mechanism are described (+) and ()
depending on the signs before the square root in Eq (6).
Configuration of the link in (+) is axisymmetric to () with
respect to the vertical line passing through the endpoint of the

The inverse kinematics of the parallel mechanism is given
by solving the quadratic equation (5) with respect to ci as
follows;
ci  Li T a  ( Li T a)2  ( Li T Li )  li 2 .

(6)
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sub mechanism. When the term of inside the square root
becomes zero, the quadratic equation (6) has a duplicated
solution. This state in the inverse kinematics is described as
(0) in this paper. At this state, direction of the rod is
orthogonal to the direction of the linear actuator as shown in
Fig. 7. This configuration of the parallel mechanism
corresponds to the actuator singularity. Note here when the
PRRRP sub mechanism changes the working mode, it

1

2
4

3

encounters the actuator kinematics singularity. In addition,
when the lengths of the two rods of the sub mechanism are
identical, the PRRRP sub mechanism falls into the complex
kinematics singularity as shown in Fig. 7 (a). The
asymmetrical design that the sub mechanism has different
lengths of the rods contributes to the robot avoids the
complex kinematics singularity as shown in Fig. 7 (b).
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Fig. 8. Snap shots of mode changes of the parallel robot.
[2]

V. EXPERIMENTS
Fig. 8 illustrates snap shots of the assembly mode change
and working mode change of the 2-PRRRP parallel robot. In
the assembly mode change, the robot traces the route of
[][][][][]. In the working mode
change,
the
robot
traces
the
route
of
()()(). While the mode changes,
the PRRRP sum mechanism encounters singular
configurations. At that time, the entire mechanism, 2-PRRRP
parallel mechanism loses redundancy but maintains
non-singularities.
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In order to expand the workspace of the parallel robot, A
novel 3dof redundantly actuated 2-PRRRP parallel robot
with singularity-free mode change is proposed in this paper.
1) The state transition for the singularity free assembly
mode is proposed by kinematics analysis using the
PRRRP sub mechanisms.
2) The singularity free assembly mode change is achieved
by the asymmetrical mechanical design.
3) The singularity free mode changes were performed by
the newly developed prototype.
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