
 

 

 

Abstract—The interfacial heat transfer coefficients (IHTCs) 

are the key parameters in numerical simulations on casting 

processes, but the inverse estimation of them from experiments 

is very difficult to be conducted and involves considerable 

uncertainty. With the assumptions of isothermal casting and 

one-dimensional heat conduction, this paper presents a 

lumped-capacity method for inverse estimation of IHTCs for 

die casting of high thermal conductivity metals. This method 

greatly simplifies the procedure of temperature measurements 

while providing estimation of IHTCs with reasonable accuracy.  

 
Index Terms—Interfacial heat transfer coefficient, high 

thermal conductivity casting, lumped-capacity method, one-

dimensional heat conduction model. 

 

I. INTRODUCTION 

The mechanical and electrical properties of a cast metal 

part may deviate greatly from the standard corresponding 

properties declared for this kind of metal. This is because the 

properties of a cast part heavily depend on the particular 

casting process from which the cast part is produced [1]. 

Thus, designing controlled casting processes that produce 

cast parts with desired properties is of great importance. 

However, the detailed correlation between the process 

parameters and the thermal history of the castings is 

unknown for a new casting design. Trial-and-error 

experimental studies are very expensive and time consuming 

and hence, numerical simulations on casting processes are 

routinely carried out during a new casting design. The 

effectiveness of the numerical simulations primarily depends 

on the accuracy of the provided boundary conditions, among 

which the IHTCs are very difficult to be accurately 

determined, and thus comprise the main uncertainties in the 

numerical simulations [2]. 

Two main approaches are available to estimate IHTCs. 

One approach uses thermal contact models to estimate the 

IHTCs [3], [4], in which an equivalent air gap between the 

casting and the mold is assumed to arise from both surface 

roughness and thermal contract. The other approach 

estimates the IHTCs from inverse heat conduction analysis 

[5]. 

Inverse heat conduction analysis involves measuring 

transient temperatures at an array of appropriate positions 

and then solving an ill-posed problem to obtain the time-

varying heat fluxes across the interface. The temperature 

measurement is the most difficult task in an inverse heat 

conduction study of die casting process. Due to the fast 

solidification rate in high pressure die casting (HPDC) 
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process, the thermocouples’ response time and their 

improper installations may introduce significant 

uncertainties into the estimations of IHTCs [2]. 

In the present paper, we propose a simple method in which 

only the temperature histories of castings are needed to 

estimate IHTCs and thus, can dramatically simplify the 

procedure of temperature measurements. 

 

II.

 

HEAT TRANSFER IN THE MOLD

 

For a cast metal of high thermal conductivity, e.g. most 

non-ferrous metals, the internal temperature field is nearly 

uniform. Hence, we can consider the temperature gradient 

only in the mold during thermal modeling. Moreover, the 

following features are present in die casting of a non-ferrous 

metal of high thermal conductivity. First, the surface of the 

cast part can be assumed as an isothermal surface, of which 

the temperature remains the melting point during 

solidification; second, the temperature gradient near the 

casting-mold interface in the mold are perpendicular to the 

interface; third, on solidification completing , the latent heat 

released into the mold usually has not reached the outer 

boundary of the mold, or even if it has, the heat conduction 

in the mold may not be affected significantly by the outer 

boundary conditions and thus, is still at the non-regular stage. 

Given the above

 

discussions, the heat conduction in the 

mold during casting solidification can be assumed as a one-

dimensional conduction

 

in a semi-infinite

 

medium. If the 

casting-mold contact is perfect, this conduction problem is 

stated as (1) and (2), 

 

𝜕𝜃

𝜕𝑡
= 𝑎

1

𝑟𝑛

𝜕

𝜕𝑟
(𝑟𝑛 𝜕𝜃

𝜕𝑟
) , (1)

 

𝜃(𝑟, 0) = 0,    𝜃(𝑟𝑤 , 𝑡) = 𝜃𝑤  

 
(2)

 

where

 

𝑟

 

is the coordinate, 𝑎

 

is

 

the thermal diffusivity, and 

𝜃(𝑟, 𝑡)

 

is the

 

temperature

 

rise or shortly the temperature. 

Here,

 

n=0, 1, 2 stands

 

for cartesian, cylindrical and spherical 

coordinate, respectively.

 

For the problem (1) under the condition (2), the exact 

solutions for cartesian and spherical coordinates have 

already been obtained and presented in closed forms, while 

that for cylindrical coordinate is presented in an unsolved 

integral form [6]. However, the heat conduction into the 

mold during HPDC is essentially a short-time process, as 

discussed above, we may use the small-time asymptotic 

solution for the problem in cylindrical coordinate, which was 

given by Jaeger [6]. We summarize in Table A-I in Appendix 
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the existing solutions of the dimensionless heat fluxes across 

the boundaries of semi-infinite media, defined as 

𝑞∗ = 𝑞𝐿𝑐 (𝜆𝜃𝑤)⁄  

where 𝑞 is the heat flux, 𝐿𝑐  is the characteristic length, and 

𝜆  is the thermal conductivity. For more comprehensive 

review, one can refer to [7]. 

If a casting is hollow or it has an interior surface profile, 

then it requires a core. The thermal contact between the 

casting and the core should also be accounted for. The core 

is often of small size, and the heat released into it soon 

spreads across its whole volume. Thus, the heat conduction 

into the core cannot be viewed as that into a semi-infinite 

medium. For a non-ferrous casting with high thermal 

conductivity, we can still assume one-dimensional heat 

conduction in the core, as we have done for the heat 

conduction in the mold.  

The solutions of heat conduction in finite volumes with 

simple geometries are generally presented in the forms of 

infinite series. For the Fourier number 𝐹𝑜 ≥ 0.2, one-term 

approximations of these solutions can be used, while 𝐹𝑜 <
0.2, fitted approximations of the form as given in (3) are 

adopted.  

𝑞∗(𝐹𝑜) =
1

√𝜋𝐹𝑜
+ 𝑞𝑠𝑠

∗ (𝐹𝑜),   𝐹𝑜 < 0.2 ͵ 

where 𝑞𝑠𝑠
∗ (𝐹𝑜)  is undetermined function and will be 

obtained by fitting (3) to the corresponding series. Both the 

fitted 𝑞∗ for 𝐹𝑜 < 0.2 and one-term approximate 𝑞∗ for 

𝐹𝑜 ≥ 0.2 are summarized in Table A-I, and more detailed 

review are provided in [7]. 

To represent the thermal conductance of the heat 

conduction into a body across its surface, we can define an 

equivalent heat transfer coefficient as 

ℎ𝑒 = 𝑞∗𝜆 𝐿𝑐⁄  

Further, we can calculate the accumulative heat transfer 

as 

𝑄∗(𝐹𝑜) = ∫ 𝑞∗(𝐹𝑜′)𝑑𝐹𝑜′
𝐹𝑜

0

 

of which the results are summarized in Table A-II in the 

Appendix. 

In the following section, we will use (4) and (5) to 

construct the lumped-capacity heat balance equation for the 

solidification process of a high thermal conductivity casting. 

 

III.  MODEL FOR LATENT HEAT DISSIPATION 

A. Heat Balance Equation of Solidification 

When only the solidification process is concerned for 

thermal modeling, the heat balance equation of a high 

thermal conductivity casting can be simplified due to the 

features of the heat transfer process as discussed above.  

The latent heat released from the molten casting equals the 

heat conducting across the mold surface into its volume, 

hence we have  

𝜌𝑉 ∙ 𝐻𝑠 = ∑ 𝐴𝑗 ∫ 𝜃𝑤𝑗(𝑡)ℎ𝑒𝑗(𝑡)𝑑𝑡
𝑡𝑠

0𝑗
 

where 𝜃𝑤𝑗(𝑡) is the temperature of the mold contacting 

surface 𝑗; 𝐴𝑗 is the surface area; and ℎ𝑒𝑗(𝑡), as defined in 

(4), is the equivalent thermal conductance related to the heat 

conduction in the mold. 

Due to the interfacial thermal resistance, there exists a 

difference between 𝜃𝑤𝑗(𝑡) and 𝜃𝑚, denoted by Δ𝜃𝑗(𝑡) in 

(7) as 

𝜗𝑚 = 𝜃𝑤𝑗(𝑡) + Δ𝜃𝑗(𝑡)  

Because the transient values of 𝜃𝑤𝑗(𝑡) and Δ𝜃𝑗(𝑡) are 

all unknown, the integration in (6) cannot be performed. 

We assume a constant IHTC denoted as ℎ̅  when 

addressing the interfacial thermal resistance. Then, it is 

pertinent to calculate the average values of 𝜃𝑤𝑗(𝑡)  and 

Δ𝜃𝑗(𝑡), respectively, as 

�̅�𝑤 =
∑ 𝐴𝑗 ∫ 𝜃𝑤𝑗(𝑡)ℎ𝑒𝑗(𝑡)𝑑𝑡

𝑡𝑠

0𝑗

∑ 𝐴𝑗 ∫ ℎ𝑒𝑗(𝑡)𝑑𝑡
𝑡𝑠

0𝑗

Δ�̅� =
∑ 𝐴𝑗 ∫ 𝜃𝑤𝑗(𝑡)ℎ𝑒𝑗(𝑡)𝑑𝑡

𝑡𝑠

0𝑗

ℎ̅ 𝑡𝑠 ∑ 𝐴𝑗𝑗

 

Using �̅�𝑤 and Δ�̅� instead of 𝜃𝑤𝑗(𝑡) and Δ𝜃𝑗(𝑡) in (7), 

we have 

�̅�𝑤 =
𝜃𝑚

1 + (∑ 𝐴𝑗 ∫ ℎ𝑒𝑗(𝑡)𝑑𝑡
𝑡𝑠

0𝑗 ) (ℎ̅𝑡 ∑ 𝐴𝑗𝑗 )⁄
 

At this point, we can simplify the heat balance equation 

(6) by replacing 𝜃𝑤𝑗(𝑡) with �̅�𝑤, and get 

𝑉 ∙ 𝐻𝑠 =
𝜃𝑚

1 + (∑ 𝐴𝑗 ∫ ℎ𝑒𝑗(𝑡)𝑑𝑡
𝑡𝑠

0𝑗 ) (ℎ̅𝑡𝑠 ∑ 𝐴𝑗𝑗 )⁄

⋅ 𝜌 ∑ 𝐴𝑗 ∫ ℎ𝑒𝑗(𝑡)𝑑𝑡
𝑡𝑠

0𝑗                    

 

The equivalent heat conductance ℎ𝑒𝑗(𝑡) in (10) can be 

determined using (4) and (5), which yields 

∑ 𝐶𝑐𝑗 ⋅ 𝑄𝑗
∗ (

𝑎𝑗

𝐿𝑐𝑗
2 𝑡𝑠)

𝑗
=

𝐴ℎ̅𝑡𝑠 𝐸𝑠 Δ𝑇⁄

𝐴ℎ̅𝑡𝑠 − 𝐸𝑠 Δ𝑇⁄
 

where  

𝐶𝑐𝑗 = 𝜌𝑐𝑝𝐴𝑗𝐿𝑐𝑗  ,      𝐸𝑠 = 𝜌𝑉𝐻𝑠  

By the heat balance equation for the solidification process, 

ℎ̅ can be inversely determined provided that 𝑡𝑠 has been 

identified from the measured cooling curve of the casting. 

The specific heat balance equations for casings of simple 

geometry are provided in the subsection B of Appendix.  

Commonly, we are confronted with much complex 

casting shapes in practice. As an example, we consider 

HPDC of the copper rotor cage of an induction motor. A 

complex shape may be approximated by a combination of 

simple shapes. The assumed shapes for the interfaces 

between the rotor cage and its mold are summarized in Table 

A-III. 

The rotor cage is composed of bars and end rings which 

are of different shapes and dimensions and contact with the 

mold zones of very distinct heat capacities. Consequently, 

the rotor bars and the end rings will solidify within very 

different periods of time. Here, we consider the solidification 
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process of the rotor bars and that of the end rings separately. 

The heat balance equation for the rotor bars and the end rings 

are provided in the subsection C in Appendix. 

B. Time-Varying IHTC 

The IHTC determined from (11), namely ℎ̅, is actually 

the one both spatially and temporally averaged. More often, 

the spatially-averaged but time-varying IHTC, denoted by 

ℎ(𝑡), is of interest for numerical simulations on the casting 

thermal history. 

A time-varying IHTC features a profile of which the 

rapidly decreasing portion occurring at the stage of 

solidification, followed by a stable portion after the 

solidification being completed. For simplicity, we simplify 

this profile into the one with a linear decreasing portion 

followed by a constant steady portion. Consequently, if the 

steady value of IHTC, denoted as ℎ𝑠𝑡 , is determined, the 

time-varying IHTC can be written as follows 

ℎ(𝑡) = {
2ℎ̅(1 − 𝑡 𝑡𝑠⁄ ) + 2ℎ𝑠𝑡(𝑡 𝑡𝑠⁄ − 1 2⁄ ) , 𝑡 ≤ 𝑡𝑠

ℎ𝑠𝑡  ,                                                          𝑡 > 𝑡𝑠
 

where ℎ𝑠𝑡  can be determined as follows 

ℎ𝑠𝑡 =
∑ 𝐴𝑗ℎ𝑒𝑗(𝑡𝑠)𝑗 𝐴⁄ − ℎ̅

ℎ̅ ∑ 𝐴𝑗ℎ𝑒𝑗(𝑡𝑠)𝑗 𝐴⁄
 

or in terms of 𝑞𝑗
∗ as 

ℎ𝑠𝑡 =
∑ 𝐴𝑗𝑞𝑗

∗(𝑡𝑠)𝑗 𝐴𝐿𝑐𝑗⁄ − ℎ̅ 𝜆𝑚⁄

ℎ̅ ∑ 𝐴𝑗𝑞𝑗
∗(𝑡𝑠)𝑗 𝐴𝐿𝑐𝑗⁄

 

The present IHTC estimation method only requires 

experimentally measured cooling curve of the casting, and 

the temperature gradient involving temperature 

measurements in an array of positions in the mold near the 

interface is not needed. Hence, this method greatly reduces 

the most difficult task in the inverse estimation of IHTCs. 

 

IV.  NUMERICAL VALIDATION 

To validate the proposed method, finite element method 

(FEM) simulations are carried out on the heat dissipation 

processes of molten cast parts. 

As far as numerical simulations are concerned, realistic 

profiles of IHTC, ℎ(𝑡), are necessary interface conditions, 

unlike in the experimental tests. However, the rapidly 

varying profiles of ℎ(𝑡) as well as the corresponding time 

intervals 0 < 𝑡 ≤ 𝑡𝑠 are all unknown.  

Here we apply a constant IHTC, ℎ̅ , in the numerical 

simulation models. From the obtained cooling curve, we can 

identify the solidification time 𝑡𝑠 and solve for the IHTC 

from the relevant heat-balance equation. The calculated 

IHTC is then compared to the originally specified one. 

 
TABLE I: DIMENSIONS OF THE ROTOR(MM) 

Parameter Symbol values 

Rotor radius 𝑅𝑟  66 

Rotor core length 𝑙𝑟  120 

Rotor yoke radius 𝑅𝑦 44.5 

Inner radius of end ring 𝑅𝑒𝑟  38 

Thickness of end ring 𝛿𝑒𝑟  17 

Thickness of tooth 𝛿𝑡 2.9 

Number of rotor bars 𝑁𝑏 70 

TABLE II: THERMAL PROPERTIES OF THE MATERIALS 

 Copper H13 Steel 

Parameter Symbol Value Symbol Value 

Density (kg/m3) 𝜌 8450 𝜌𝑚 7700 

Specific heat (kg∙K) 𝑐𝑝  495 𝑐𝑝𝑚  460 

Thermal conductivity 

W/(m∙K) 
𝜆 334 𝜆𝑚 30 

Latent heat (J/kg) 𝐻𝑠 205000   
  

The geometries of the castings considered here include an 

infinite plate, an infinite hollow cylinder, a spherical shell 

and a rotor cage. The plate has a thickness of 2𝛿 = 6𝑚𝑚. 

The outer and inner radii of the hollow cylinder are chosen 

to be the same as those of the spherical shell, respectively, 

with the values 𝑅𝑜 = 10mm, 𝑅𝑖 = 6mm. The dimensions 

of the rotor cage are tabulated in Table I. The thermal 

properties of the casting material copper and the mold 

material H13 steel are supplied in Table II. 
 

 
Fig. 1. Temperature contours of the casings on solidification completing: 

(a) infinite plate, (b) infinite hollow cylinder, (c) spherical shell and (d) 

rotor cage. 
 

 
Fig. 2. The cooling curves of the castings: (a) infinite plate, (b) infinite 

hollow cylinder, (c) spherical shell, and (d) rotor cage. 

 

We perform the FEM simulations using ABAQUS. The 

transient temperature contours of the cast parts are given in 

Fig. 1 for the moments when the maximum temperatures in 

the castings drop to the solidus temperature of copper, which 

indicates that the solidification of the corresponding casting 

has just completed. In the other hand, the cooling curves of 

these castings from the numerical simulations are plotted in 

Fig. 2. The solidification time of each casting can also be 

easily identified from the quite distinct constant regime of 

the cooling curve. Moreover, the solidification time 

identified from the cooling curve is essentially identical to 

that determined from the corresponding transient 

temperature field. Thus, it can be concluded that the 

solidification time of a high thermal conductivity casing can 

be determined from its measured cooling curve with 

reasonable certainty. 
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TABLE III: RESULTS FOR 𝑡𝑠(S) AND ℎ ̅(104 W/(M∙K)) 

Casting 𝑡𝑠 ℎ̅(𝑎 ℎ̅(𝑏 

Infinite plate 1.046 1.0 0.957 

Hollow cylinder 0.622 1.0 0.968 

Spherical shell 0.603 1.0 0.908 

Rotor bars 0.356 1.0 0.812 

Rotor end rings 2.886 1.0 1.139 

a) Exact IHTC values; b) Calculated IHTC values. 
 

Using the heat-balance equations given in Appendix, we 

compute the average IHTC for each cast part, and then 

compare it to its exact value specified as the interface 

condition for the corresponding FEM model. As shown in 

Table III, the calculated IHTCs are in reasonable agreement 

with their exact values.  

The relatively large discrepancies occur in the cases of the 

rotor bars and the rotor end rings, which can be attributed to 

the approximations introduced into the heat-balance 

equations. However, the approximations in the heat-balance 

models can be identified and improved by the results of 

numerical simulations. 
 

V.  CONCLUSION 

This paper presents a simple lumped-capacity method for 

inverse estimation of IHTCs in die casting. With this method, 

only the temperature history of the cast metal needs to be 

measured in the experiment, and the temperature gradient at 

the casting-mold interface is not needed for the estimation of 

the IHTC. Hence, the difficulties in the procedure of 

temperature measurements, together with the uncertainties 

involved, are greatly reduced.  

The major approximations in this method arise from the 

simplifications made in the derivation of the balance 

equations for complex castings. But this type 

approximations can be identified and improved by numerical 

simulations. 

It should be noted that the present method is only 

applicable for die casting of non-ferrous cast metals that 

generally have very high thermal conductivities.  

APPENDIX 

A. Solutions for Heat Transfer across Simple 

Boundaries 

The analytical solutions to the heat fluxes across 

boundaries of simple geometries are summarized in Table A-

I, while the corresponding solutions to the accumulative heat 

transfer are tabulated in Table A-II. 
 

TABLE A-I: HEAT FLUX ACROSS BOUNDARY 

Boundary 

Geometry 
Semi-infinite media 

Finite volume 

Fo < 0.2 Fo ≥ 0.2 

Planar 1 √𝜋𝐹𝑜⁄  1 √𝜋𝐹𝑜⁄  2𝑒−
𝜋2𝐹𝑜

4  

Cylindrical 
1

√𝜋𝐹𝑜
+

1

2
−

1

4√𝜋
√𝐹𝑜 +

1

8
𝐹𝑜 

1

√𝜋𝐹𝑜
−

1

2
−

3

5
𝐹𝑜 2𝑒−𝛽1𝐹𝑜 

Spherical 1 √𝜋𝐹𝑜⁄ + 1  1 √𝜋𝐹𝑜⁄ − 1 2𝑒−𝜋2𝐹𝑜 

 

TABLE A-II: ACCUMULATIVE HEAT TRANSFER ACROSS UNIT BOUNDARY AREA 

Boundary 

geometries 
Mould 

Core 

Fo < 0.2 Fo ≥ 0.2 

Planar 2 √𝐹𝑜 √𝜋⁄  2 √𝐹𝑜 √𝜋⁄  1 +
8

𝜋2
𝑒−

𝜋2

4
𝐹𝑜 

Cylindrical 2
√𝐹𝑜

√𝜋
+

1

2
𝐹𝑜 −

𝐹𝑜3 2⁄

6√𝜋
+

1

16
𝐹𝑜2 2

√𝐹𝑜

√𝜋
−

1

2
𝐹𝑜 −

3

10
𝐹𝑜2 

1

2
 +

2

𝛽1
2 𝑒−𝛽1

2𝐹𝑜 

Spherical 2 √𝐹𝑜 √𝜋⁄ + 𝐹𝑜 2 √𝐹𝑜 √𝜋⁄ − 𝐹𝑜 
1

3
+

2

𝜋2
𝑒−𝜋2𝐹𝑜 

 

B. Heat-Balance Equations for Solidification of Simple 

Castings 

1) Infinite plate casting of thickness 2𝛿 

ℎ̅𝑡 𝐸𝑠 Δ𝑇⁄

ℎ̅𝑡 − 𝐸𝑠 Δ𝑇⁄
= 𝐶𝑐

2

√𝜋
√𝑎 𝑡,  

 where 𝐸𝑠 = 2𝜌𝛿𝐻𝑠  , 𝐶𝑐 = 𝜌𝑐𝑝 

2) Cast parts separated by infinite plate core of thickness 

2𝛿 

ℎ̅𝑡 𝐸𝑠 Δ𝑇⁄

ℎ̅𝑡 − 𝐸𝑠 Δ𝑇⁄
= 𝐶𝑐

2

√𝜋

√𝑎𝑡

𝛿
,    

where   𝐶𝑐 = 𝜌𝑐𝑝𝛿 

3) Hollow cylinder casting 

For 𝐹𝑜 ≤ 0.2 

𝐴ℎ̅𝑡𝑠 𝐸𝑠 Δ𝑇⁄

𝐴ℎ̅𝑡𝑠 − 𝐸𝑠 Δ𝑇⁄
=

𝐶𝑐𝑜 [
2

√𝜋
(

𝑎𝑡

𝑅𝑜
2)

1 2⁄

+
1

2

𝑎𝑡

𝑅𝑜
2 −

1

6√𝜋
(

𝑎𝑡

𝑅𝑜
2)

3 2⁄

+
1

16
(

𝑎𝑡

𝑅𝑜
2)

2

] +

𝐶𝑐𝑖 [
2

√𝜋
(

𝑎𝑡

𝑅𝑖
2)

1 2⁄

−
1

2

𝑎𝑡

𝑅𝑖
2 −

3

10
(

𝑎𝑡

𝑅𝑖
2)

2

] 

for 𝐹𝑜 > 0.2 

𝐴ℎ̅𝑡𝑠 𝐸𝑠 Δ𝑇⁄

𝐴ℎ̅𝑡𝑠 − 𝐸𝑠 Δ𝑇⁄
=

𝐶𝑐𝑜  [
2

√𝜋
(

𝑎𝑡

𝑅𝑜
2

)
1 2⁄

+
1

2

𝑎𝑡

𝑅𝑜
2

−
1

6√𝜋
(

𝑎𝑡

𝑅𝑜
2

)
3 2⁄

+

1

16
(

𝑎𝑡

𝑅𝑜
2

)
2

] + 𝐶𝑐𝑖 (
1

2
+

2

𝛽1
2 𝑒−𝛽1

2𝑎𝑡 𝑅𝑖
2⁄ ) 

where  

𝐸𝑠 = 𝜋(𝑅𝑜
2 − 𝑅𝑖

2)𝜌𝐻𝑠, 𝐶𝑐𝑜 = 𝜌𝑚𝑐𝑝𝑚 ⋅ 2𝜋𝑅𝑜
2,

𝐶𝑐𝑖 = 𝜌𝑚𝑐𝑝𝑚 ⋅ 2𝜋𝑅𝑖
2 , 𝐴 = 2𝜋(𝑅𝑜 + 𝑅𝑖) 

 

4) Spherical shell casting 

For 𝐹𝑜 ≤ 0.2 

𝐴ℎ̅𝑡𝑠 𝐸𝑠 Δ𝑇⁄

𝐴ℎ̅𝑡𝑠 − 𝐸𝑠 Δ𝑇⁄
=

𝐶𝑐𝑜 [2 (
𝑎𝑡

𝜋𝑅𝑜
2

)
1 2⁄

+
𝑎𝑡

𝑅𝑜
2

] + 𝐶𝑐𝑖 [2 (
𝑎𝑡

𝜋𝑅𝑖
2)

1 2⁄

−
𝑎𝑡

𝑅𝑖
2] 

for 𝐹𝑜 > 0.2 
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𝐴ℎ̅𝑡𝑠 𝐸𝑠 Δ𝑇⁄

𝐴ℎ̅𝑡𝑠 − 𝐸𝑠 Δ𝑇⁄
=

𝐶𝑐𝑜 [2 (
𝑎𝑡

𝜋𝑅𝑜
2)

1 2⁄

+
𝑎𝑡

𝑅𝑜
2] + 𝐶𝑐𝑖 (

1

3
+

2

𝜋2
𝑒−𝜋2𝑎𝑡 𝑅𝑖⁄ ) 

where 

𝐸𝑠 = 4𝜋(𝑅𝑜
3 − 𝑅𝑖

3)𝜌 𝐻𝑠 3⁄  , 𝐶𝑐𝑜 = 4𝜋𝑅𝑜
3𝜌𝑚𝑐𝑝𝑚 ,

𝐶𝑐𝑖 = 4𝜋𝑅𝑖
3𝜌𝑚𝑐𝑝𝑚 

 

C. Heat-Balance Equations for Solidification of Cast 

Rotor Cage  

1) Rotor bar 

𝐴ℎ̅𝑡𝑠 𝐸𝑠 Δ𝑇⁄

𝐴ℎ̅𝑡𝑠 − 𝐸𝑠 Δ𝑇⁄
≈ 𝐶𝑐 (1 +

8

𝜋2
𝑒−𝜋2𝑎𝑡 𝛿𝑡

2⁄ ) 

where 

𝐸𝑠 = [𝜋(𝑅𝑟
2 − 𝑅𝑦

2) − 𝑁𝑏𝛿𝑡(𝑅𝑟 − 𝑅𝑦)]𝜌𝐻𝑠 ,

𝐴 ≈ 2𝑁𝑏(𝑅𝑟 − 𝑅𝑦), 𝐶𝑐 = 𝜌𝑚𝑐𝑝𝑚𝐴 𝛿𝑡  2⁄  

2) Rotor end ring 

𝐴ℎ̅𝑡𝑠 𝐸𝑠 Δ𝑇⁄

𝐴ℎ̅𝑡𝑠 − 𝐸𝑠 Δ𝑇⁄
≈

𝐶𝑐 [2 (
𝑎𝑡

𝐴𝑒𝑟
)

1 2⁄

+
𝜋

2

𝑎𝑡

𝐴𝑒𝑟
−

𝜋

6
(

𝑎𝑡

𝐴𝑒𝑟
)

3 2⁄

+
𝜋2

16
(

𝑎𝑡

𝐴𝑒𝑟
)

2

] 

where 

𝐴𝑒𝑟 = (𝑅𝑟 − 𝑅𝑒𝑟)𝛿𝑒𝑟 , 𝐸𝑠 = 𝜌𝑐𝑝𝜋𝐴𝑒𝑟(𝑅𝑟 + 𝑅𝑒𝑟) 

  𝐴 ≈
[(𝑅𝑟 − 𝑅𝑒𝑟) + 2𝛿𝑒𝑟] ⋅ 𝜋(𝑅𝑟 + 𝑅𝑒𝑟) + (𝑅𝑦 − 𝑅𝑒𝑟) ⋅ 2𝜋𝑅𝑒𝑟 ,

𝐶𝑐 ≈ 𝜌𝑚𝑐𝑝𝑚𝐴 ⋅ √𝐴𝑒𝑟 𝜋⁄

TABLE A-III: ASSUMED SHAPES FOR ROTOR CAGE AND MOLD INTERFACES 

Casting-mold interface Bar-Tooth Bars-Yoke Bars-Mod End ring-Mold 

Assumed shape Infinite plane Cylinder interior Cylinder exterior Cylinder exterior 
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